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This lecture is about LSE reduction formula thatis the connection
between correlators 40 TON On 10 the matrix elements

Single particle states

The irreps that are isolated points in the spectrumof one

the 1 particle states

may im the continueof 12 is associated to multiparticlestate

isolatalsingleparticlestates
because in c e m Ei Ei mi

As all momentum eigenstates they have a plane were e overlap

with suitable local fields 401 1 pr 2 If
One can form finite norm 1 particle stetes trueelements in Hilbertsp
bysmearing with warepockets

193 421,4
Ann saunes MENIFEE

This is located as soon theFouriertransform acts on a smoothlyvarying

function

1 pontileblobs finite region overlap with Coldale



Examples F T const α Jdk e I Six very loud 14

F T polyn α folkeE.at KTIEnanifflxlovey local

F T infiniteorder polynomial analytic function fé fin fly
but since Ktik 1k fei fix dx fix exponentially dumper

Smearedfields conversely we can smeared thestates in 4010 1

scalarfieldexample

µ
OHx ̅ It x ̅ t with X smooth solutionofKleinGod

It 4 173 P2p p FM i e solves MYX 0

3 4010H In fixfly 2p 2 é 2k time independent

ifchosen M m KI4044197
ma III III GIE x ces

time independentoverlap
with 1 pontile blob

ifsettingM m

Multiparticlestates Cluster Principle

a if 1 particle blob there shouldbe possible to have more separated

b The matrix elements factorite when a to
behave as independent
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Since we observe separated 1 particle blobs in the far post and in
the far future experimentalinputfor certain theories those thatadmitsmatrix

It time

We can formalize a b c assuming states

1in and states louts spanning all Hilbertspace H ttiiH.at

It Hin spannedby 1in I kn a 9s K E92
4 11

in

Hout spanned by louts I knit 91 ka run Dont

which are labelled by the same quantum numbersof the Fockspace
tensor product of s particle states
because all their matrix elements with operators factorite
like in the free theory would at early late times provided
smearedwithwavepackets

x ̅ permutations
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In other words we assume there exists states tins out such

thatresults of allmeasurements upon them return the same values of
isolated 1 particle blobs differingfrom free fieldresultsonly by z factors in

Since this is understood for any wavepocket provided In we can say

6 401T0cal Ocull on h r maxtis 9 I 40Oki Kaci raid

4Hon h ri Taxi and 0
mint III Kin Fci 10141107

Comment There exist in outstates in classicalphysics too

can be labelledbyinitialconditions 99initial or dfinalFetedtimelessstateanalogofHeisenberg's isthe entire trajectory
resultsof asymptotic measurements asymtotthoseon free theory or

vacuum 11
t
are irreps but t.tn a 91 Karge Erenot

the projection of 12 pontile out
on irreps is called partialwavedec

matrix

1459,4 Hr9D openet

Iki 5 9 14199,1 3 matrix ftpgg ftp.gjj
t
in
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operator It 14k r 9 Emir941 1M 9 to ki59il
E

1 out 1 in 1in Ʃ Satin lout byasymptoticcompleteness It intent



comments watchout other definitions of operator are 4

common in the literature for instance in Weinbey acts on free
instead

k r q I Inirig kiriqi okjr.fi i e like sending thefreebluelinetrajectoryof above

S Ʃ free free Sini

stability
8105 105 10gut

e I fisi.at
1k 597pontide1K0,94 1110,9 nice forgigs

Unitarity

A Him Hout D Ʃ I I ftp.jutplL4kn ri qi I B
sandwitchwith 81 I Ipst or 2811115 suitable measure leftunderstood

suitableSaptoo

Sr Sir so spy spp Sst Sts

Texample roundtation data at 10 01 ETIEIII.mekn n kulfn
eg So 4344Kika at 8CKK2W 8ThKulaw arroz in the 2 pontile subspace

L 52 Reduction
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9 iz
IT tie y.mg e

Ckiri9i Piri 9 subleading

E residue of simple poles in
F T correletors whengoing onshell
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since F T depends on 4 momentum the on shell limit is seen as P offmi

Proof we are after singularities of F T of GTM Axn 0

they arise either at

Xi X regionsof integration UVsingularities p 00 notwhatwe'reafter

from 00 regionofintegration IR singularities associated particlesreactinginf
Example

dx I é sinkt finite it diverges as 1 on

The fj é s attack very singular
obtained

by 5 regionsofint
namely fe If é thataddedtoabovegive 2 811

Let'sthusfocus on theasymptoticintegration regions Xi to Yi 0 00

41 COITOH Oct1911AM
0Sygggq4OITM

OlxDqTUyp OlymD10
insert resolution of
identity here

e 1 11 21 5 4 ftp.JKPI Eplx5tEtxipjEpl

3 fd i IE wiIq qn5t.Eqt 9n w Wmj.Kwiwmlos
w Wn 09 9n S w a

the other labelssuppressedforsimplicits
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In this region we can use thefactorization property 6
Forscolous first

401TM 01 1 191 9ns
m

401Oxi OH I 2
9T

wy.im TAyp OlymD107yqapz I 2 forscales first

each ofthese terms pluggedinto the Fourier transformed give

6 flti folkJaye'P e
9mi i

in time where tectonationno

7 fati
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e
Ei

2 Oscillating integrals avenge to o

Tmin unless p Ei onshellcondition

f wheretheydiverge because in resonance

2 i e
Ei Tmi

8 fit
ᵗ

with c at the en
2Ei PF E IE notneeded if smearing inP

We are interested in the singularity as P Ei FM IE p E
01ft

Likewise the exp if E Timin It off Ei
Since we wantto extract the singularpart we get
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Ei Ip E ie
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p Ip
regular

terms 18

singulonport
independentofTmin

Analogously thesame happens for the 1 0 Timex integration region

using1151for theoverlap with in states Iwis É wit To's clgm 10

Trax

20 Ét Jory folkway e e it fat é
E E to

2 Ej

i e
4,2g regularterms in kg Ej

2Ej RT E IE

Both asymptotic regions generate simple poles KfEf kg I m K m

4 I
HE m g

regular ten

Putting everything together

the external frequency kg P are tuned to the onshellvalue exactly

to resonate with the frequency E of 1 porticle states when t I 0

Everythingelse is averagedto zero orsmearedoutby wavepackets
Each term gives a simplepole there are n m permutations to
consider but they gives exactly the same

contributions themomente are dummy integration

variables thatcancelagainstthe Vn 4m factor from phasespace volume

ofidenticalparticles in Eq131



BAGIn summary
L S2 formula is IPF

of
Jw̅dx Idy é e 201Taxi MUsi1 05m1107on

sen I EmaiefEm4id

or equivalently
thosewithK so

IIIftp.zmtie F T.IO TQ dnml0 oS kj o kiii iiii
3 F i fdxé

connected

dx A m iE LOITON Oxnim 10 o s Kj o ki

Some comments are in order

a We havefound some ofthe singularities those due to 1 particle
overlaps I o1 011 particle What about the case of
non isolatedpoints in 12 Eg501012particle 74 2particle
Non isolated m in 12 spectrum would give analogous
contributions

Jdm

p
Cpl but integrated over continuum

ofm
smearedoutsingularity e g pole log62m

in the region m p where e my const Weaker singularitiesthenpoles
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b whataboutmore fields than particles

This comes aboutwhen inserting 1 21544piscpland selectinglasinutwithfewerparts
Thatwouldboreproduced terms with LolToady lo factoredout
which decaysawry

when x y are separated The FT

produce a's'tcktplfjmp.gg dm's a dkeep iftp.I so thatthe

action ofKay p my killsthisterm as rino pam

The Lst projects on the connected postof S matrix

as Emy E my T.IE my fmy É É Ina

likewise if more particles thanfields so because on particle 0

we are also assuming 207 0 as requestedby clusterdec

what if we flip the sign of p or kg say p o p
we would have gotten oscillating integrals of the type

Es Jolt É ftp.tsitive
never zero B doesn'tproduce a pole

Tmin

However theywouldbeve produce a particle in the ingoing state

fit e
if wot

A



The sign of p determines whether we extract BIC
Example

of an ingoing or outgoing state out ofthe green's functions
crossing Moreover by CPT it mustbe the antipartile because we are
82mm

using the same operatore 0

4010049 ff.gg fikrt1 4510107 phase

1pA phase antiparticle

if spin r

Factorization

We have discussed singularities associated to a pi m

where pi is momentum of the field Ox A similar story

actually repeats when combinations of pi hit a single pole
certain particle mass Ʃ p M In this case the correlate

factories

iii iii iii iii me27

Pt F M IpÉzp

G FT with overall 2Hd4Ʃpi removed

Reminder invariance under translations imply that FT.COTdixnOlxnlld
α QI f Pi G p pm fÉdxe P Colt axis Ohm 105

dye P so Tax Xn Oca xn I 01 10 i m xi̅ item m xm̅

ggdxm̅ eat Pm II d x ̅ e LolTOC OCR OCxm̅ 010110

A d Ʃ Pi G pi where G is F T of remaining M 1 rambled



ByThe proof is basically in the same spirit as above

among the integration regions in the F T focus on minx maxy
e g X x 2 x yo yen permutations

and insert on a complete set of state among which we singleout
the one particle contribution 1 2 ftp.utcat21pontc.t.i ntponIc.ft9174
for 1 particle 195 10,5 donotneed to distinguish

68 LolTfOcxil.i.OlxnlOlyili.OcgmJ107gColT cxil.i.Ocx 1Tacy 1 Ocgmdo
minx maxy A

folk loyal moreparticles

translations

go
taxi 040197 Colt Dix xn OH xn do In e

9

Loftay Agm 107 Cutolo Olga y 01pm y 1107 em

39 JI dxi II dy minx maxy e'Piti
it'sYi

pops e

igxneia.ys.COTOCXxnl OCxn txul01o119 Cqltd1olOlgzy1 1o

so that changing variables Xi xu Xi Yi Yi I Eff
fg X X xns.o.kz

minx In mink max y y t maxcy 7 minx II in
minkXn minx X

ED WI dtie II day
it
folxndy 0 in y min Ii max781

Je e'ftp.t
9 é I cotton Men 010119 saltatory 107



and it'sconvenient to use an integralexpressionfor the stepfunct 4345
too mtr

type64 Oct LIE É't i

L t 0

33 D 31 Job If I folly day
F E

e
i FEly's

eift tlhe ih 9jgyduyeipitijmI.gg e
it É ix1 daintolalopat

such that integration over xn Y is trivial

int xn YYs 2 138 p 9 38C d at Hp g E Nfl get

The integration over dot de is now simple too EPI

134 PI F F EPP Z KT and E PI 90 HE 9

which imply energy mom
conservation recallthat g name

ppl

5 III dxi e
Piti
II day Ekiti i

effollmin
Max

Pf gotie ago
A HPt Kt

Ent Pitot
atoll 015,10101197 910101Olya 015m1107
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since we are interested in the leading singularity as F offmy

61 HId iePitiII dayÉ i 21114817 4 at legsspingybapam
Pi Miie

ATOM 015,10101197 910101Olya 015m1107

that is pulling out the momentum conservation4718412Pi Kil

FACTORIZATION

Pr Ph ki km Gpi Pn g
i

EP.fm
igth.ikm g

HIM
operimessparticleAs

1 w kn

in im pity.infome Ii
Remark

This is a statementof factorization offield correlators but
we can translate it to factoritation of scattering amplitude by
further taking residues of external legs ki o mi pi om
The only caveat is for certain kinematics e g Mlarge all these
conditions can'tbesatisfied by all realmomenta and needsomecomplexKinematics
a statement in complexplane ingeneral
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LSE general Spin

Let's consider a field Ofd't that has non vanishing overlap withspin s
particles landantiparticles

clebschGond

Lol04 11 pry 24mg Itp where 449ps Dishes

antitype iffy to mye yip Cpharet j ji often
left understood

Mittalx top YayIT x D tipol911107 201Oatcxilpotant

Mortalvitta ITH PotantEyepizikoldalX1 p o

partially
451

antianitary

the main difference is in Eq 451 that now becomes

B 801THY Only111915.9ÉÉÉÉg I 401Of.li 19tci5tci7 EI.E4fip É

andanalogous for Éw r Warn Td 107 Res F 459 fi

The residues of F T L S give S matrix
elements contracted

with various were functions 41ps To get just matrix
we need to use the pseudounitary conditions a b of L2



yo I eats patent 85 85 pa reduce to
Tparity scaler case
inJ j andin J irreps Cpa 1

2
1 byworkingwith

J

w41 repeated
sing'dover

1010 pry PETE.DE iptTBiiI c5 srr
1401

Moreover DYE's can be obtained directly from D Ép
DYE.EE E DYcis IeE M

DYipjiep5pigs
pony EEE Et DJ Art
because PIP P and PEP F I

Example 4 Vector An and spin s particles

Colander Eep Ept Lpn Eff r

43 EtTP12 Libretto D

44 Lol altos getting EfgypÉ'my 521,29 4 823
pen of



The net effect is cuttingout the propagator both let

denominator 1m and numerator and replacing with wavefunc

An n
P

ist

Effy
I

i e amputed EFP ITJulp 1074

separation
140 FEET utif.myI zEf fff ffptz Efi

m Eff Lp α E

Ep p o

152 Propagator wavefunction this is general via KallenLehmann

foroutstate

numeratorpopspins

at t.us fiIiEfiafifil eirefd.siiinl1ISdMIpSsSPIglsstEtepSafitc

which we assume contains a pole 24Mt 29m 81M m

and multiplied by 274m and by a

KEELE 44 PIG FT.ES m

PIfIEEaCfDfItf
148 Df p

4ÉTp this is for outstates createdby
similar holds for instatew.r.t.at

In summery LSZ cuts propagator replace it withoverlaps



Example Dirac Spinor E 12,0 10,112 4th

This is a reducible up 4 ff k.IE 4

49 with DEP DEDI 4 4 8 4 88 EG 8455
and 44 is thus invariant
Likewise the P 6 and the factor to multiply with is uᵗ8Eñ

50 so Ito Ipt Up fff Icf Dolly Icp

151 w̅ p F Dj Lp

54 Icp Utp Icp Icp α fro

Field Redefinitions

The 152 is a powerful nonperturbative statement never used

a lagrangian or fields being foundemental that relies
only on non vanishing overlap 01 06 11 particle 0

land 401 0101 107 o Apart from this we can choose a

very different pion field tix or 99 pair ofquackantiquary
a freedom that it's often useful in perturbative
calculations too



Example L 1 41 Fal with Fld at and t 464 o

t

search of da 2 24 34 445 34 44

53 FF To s t Edt IdkfootFET It aft
N

M 12 034 0

bbysymm
permat

check with original lagrangian M12 034 22 pip a stttu 0

Whet if messive instead 0 Exercise

Field Redefinitions us Equations of Motion RedundantOperators

Take an action expendable in some smallparameter E couplings É
4 5143 Sf t E S A t É5254 t

and that a certain contribution in S'm vanishes on lowestorder e am Io
5 5m56 folk Sega f 411,24 t 5m

I classically o on e o m

This term is called redundantoperator to level m itaffectsolemy
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tiedMies p emf4,24 so that the action changes

57 Sot ES t tem's t Em Sm Eff loldoltocenty
58 Sam 0 Sham Sm osm snips t.wiotfhoeu.to.me

vanishingterm

Example L 4 vid t.gg st gigLzLd4fVdltgcfn11 It'll total
remove it ftp.fvsf M
Effectively justthe same as using so e am B4 v plug in inter

fcheck with v14 4 Niki d in L L

g
Li thin afraid because dad vertex gives a pitpaps'tpi o

La Miz s afree id beak Iv'd Epa entersof l bop in 12 034

What about Mia use at o Yaz

In La Agt Ing Ight only Do intendcontributes if external
D opino that'swhy from dad

60 oneparticular suchdig if 4 3KtKistKiD
qyp

i 3
oneparticularmompetition

There are 6
5,1

6
3 of

these partitions of 3 moment the contrib

61 to the amplitude from EEE if if plagge

In La tf
still there but now there is a p rate

62 Ina 6 much easier Ly


